Single-photon super-and subradiance are important for the quantum memory and quantum information. We investigate one-dimensional atomic arrays under the spatially periodic magnetic field with a tunable phase, which provides a distinctive physics aspect of revealing exotic twodimensional topological phenomena with a synthetic dimension. A butterfly-like nontrivial bandstructure associated with the non-Hermitian physics involving strong long-range interactions has been discovered. It leads to pairs of topologically-protected edge states, which exhibit the robust super-or subradiance behavior, localized at the boundaries of the atomic arrays. This work opens an avenue of exploring an interacting quantum optical platform with synthetic dimensions pointing to potential implications for quantum sensing as well as the super-resolution imaging.
The atomic arrays refer to an ensemble of atoms where the interaction of individual atoms and the photon takes place [1] . The light-atom coupling in atomic arrays exhibits fundamental physical phenomena including facilitating the long-range coherent interactions and promoting the collective radiative loss [2] . Recent advances in assembling highly ordered one-dimensional (1D) and two-dimensional (2D) atomic arrays provide unique platforms for exploring the strong light-matter interaction in quantum optics [3] [4] [5] . The strong interference in the emitted optical field leads to remarkable optical properties such as the subradiant state [6] [7] [8] , a high reflection of radiation [9] [10] [11] , the efficient storage and retrieval for quantum memory [12] , and topologically-protected edge states [13, 14] , which therefore shows important applications towards quantum information processing, quantum metrology, and nonlinear optics [15] .
Topological physics is of fundamental importance where physical characteristics are robust against microscopic variation of system details [16] [17] [18] . Topological phenomena can be explored by engineering the Hamiltonian of an atomic or optical system [19] [20] [21] . Such approach shows a great potential towards quantum simulation of the topological matter. The topology in atomic or optical systems provides a novel fundamental way of manipulating quantum states of the light, such as robust photon transport in photonic systems [22] [23] [24] [25] and non-reciprocal transport in hot atomic gas [26, 27] . Recently, it has been shown that atomic arrays hold a promise for studying topological quantum optics, where the inherent nonlinearity brings a natural way to explore the interacting topological physics [13, 14, [28] [29] [30] .
Robust single-photon super-and subradiant states hold a significant promise for applications related to quantum storage and quantum information. In this paper, we investigate 1D atomic arrays subjected to a spatially periodic magnetic field. The spatial phase of the magnetic field is an external parameter, and can be used to map one momentum dimension in a 2D system [31, 32] . Therefore, 1D atomic arrays with the synthetic momentum dimension manifests important topological features associated with 2D systems. Systems with synthetic dimensions simplify experimental design and enable capabilities of manipulating atomic quantum states or photons along the synthetic dimension [31] [32] [33] [34] [35] [36] . By changing the periodicity of the magnetic field, we show that the 1D atomic arrays exhibit a butterfly-like spectrum, which has not been discussed in the 2D atomic arrays under a uniform magnetic field [13, 28] . Such spectrum, associated with the open quantum optical system involving long-range interactions along the synthetic dimension, exhibits features, which are dramatically distinct from the spectrum in the 1D photonic model [37, 38] . For a finite 1D atomic arrays, the system supports pairs of topologically-protected boundary states with opposite circularly polarizations, which are found to exhibit super-or subradiance depending on the magnetic field distribution and atomic excitation frequency. The topologically-protected subradiant state localized at the boundary of atomic arrays provides a potential application towards robust quantum storage under the topological protection. The results discussed here show a unique route towards exploring the strong long-range interacting topological physics in quantum optical system with the synthetic dimension. We propose the experimental arrangement consisting of a 1D arrays of N atoms which are aligned along the y direction with the spacing a. Each atom (labelled by n and located at y n ) has a V -type internal level structure with the ground state |g n and excited states We consider the dynamics of single-excited atoms coupled to free-space modes of the radiation field. After integrating out radiation modes under the dipole approximation, one obtains the non-Hermitian effective Hamiltonian [11, 13, 28] 
where ω 0 = k 0 c = 2πc/λ is the atomic transition frequency with the wave vector k 0 and the wavelength λ, γ 0 is the atomic decay rate in the free space, sgn(±) ≡ ±, and µB n gives the Zeeman shift for the nth atom with the magnetic moment µ. G αβ (y n − y m ) is the free-space dyadic Green , s function describing the electric field at y n emitted by the atom located at y m . By using the Green , s function in Cartesian basis [7, 28, 29, 39] , one has
where r = |y n − y m |.
The atomic system under investigation is an effective tight-binding lattice model [see Fig. 1(b) ]. The photon-mediated long-range hoppings amplitude is described by coefficients in the last term of the Hamiltonian, where the real part describes photon-mediated dipoledipole interaction potential between the nth and mth atoms, while the imaginary part denotes the collective dissipative rate of the two atoms.
To construct the bandstructure of the non-Hermitian Hamiltonian in Eq. (1), we take the linear combination of single-excited states |ψ = n (C n,+ |+ n +C n,− |− n ), where C n,± is the amplitude of the wave function for the nth atom with the ± polarization. The bandstructure can be calculated by using the time-independent Schrödinger equation H|ψ = E|ψ , which leads to
where l is a nonzero integer. E ≡ ω − iγ/2 is the complex eigenvalue, in which ω denotes the self-energy of the collective atomic excitation and γ is the collective decay rate of the system.
We consider a spatially periodic magnetic field
where B 0 is the amplitude of the magnetic field, 1/b is the spatial period, and φ is the modulation phase. By applying the magnetic field with different spatial shapes along the y direction, one has the control of parameters b and φ. Here φ provides an additional degree of freedom to our system serving the purpose of the synthetic dimension, so the system can be explored by exploiting the parameter-dependency of the Hamiltonian [31, 32] . In such a synthetic space, b gives the effective magnetic flux while φ denotes a synthetic momentum dimension (reciprocal to a virtual spatial dimension) [38, 40] . Hence we can study the physics associated to an open 2D system with long-range couplings under the effective magnetic flux.
We plot the projected bandstructure of the system while varying b in Fig. 2 . The atomic arrays are assumed to be infinitely long with a = 0.1λ and µB 0 = 10γ 0 [13] , and bandstructure is computed by following the method in Ref. [41] . One can see a butterfly-like bandstructure (ω), which exhibits multiple bulk bands and gaps for each b. The bandstructure shows several distinguished features as compared to the Hofstadter butterfly bandstructure in Ref. [41] and also the butterfly-like spectrum in the 1D photonic model [37] due to the long-range non-Hermitian couplings in the atomic arrays [42] . The striking feature of our system, as it is seen in Fig. 2 , is that the collective decay rate (γ) is changing for different ω at a certain b, covering the range from 0 to ∼ 7.5γ 0 . The destructive interference in the atom-photon interaction leads to suppressed radiative loss for certain bulk states as shown in Fig. 2 , corresponding to subradiant states with decay rate below the single-atom emission rate γ 0 . One can therefore control the decay rate to stabilize the quantum coherence in this quantum system.
The parameter b can be externally adjusted by controlling the magnetic field. Once it is irrational, the effective magnetic flux is incommensurate with the lattice and the system exhibits a quasicrystal structure [38] . We set b = √ 5/10, indicated by the black line in influenced by the choice of the parameter b. For instance, for the case b = ( √ 3 − 1)/2, the boundary states inside the two large gaps are both subradiant as we discuss it in greater details in Supplementary materials [42] .
The aforementioned boundary states are localized on the left or right boundary of the lattice with a combination of |+ and |− excited states. As an example, in Fig. 4 , we plot the intensity distributions of boundary states versus the position of the atom n for |± excited states labelled by A2 and B2 in Fig. 3(a) , which corresponds to superradiant and subradiant states, respectively. The superradiant boundary state A2 is located mainly at the |− excited state on the leftmost atom, while a small portion of the intensity is distributed at |+ on other atoms near the left boundary due to the hoppings between the two excited states on different atoms. We denote the boundary state A2 by L− then. Similarly, the subradiant boundary state B2 is located mainly at the |+ excited state on the leftmost boundary, and hence is labelled by L+. The two boundary states corresponding to the same φ but different excitation frequency, so one can selectively excite either the superradiant or subradiant boundary states for a given external magnetic fields. Such selectively prepared subradiant state localized at the boundary of the arrays, is robust against small variations of the system due to the topological properties. It therefore shows a potential for the robust quantum storage, which is of great importance for quantum device applications.
Other boundary states labelled by A1, A3, A4 in the upper gap and B1, B3, B4 in the lower gap, as shown in Fig. 3(a) , give R − (mainly distributed at |− on the right boundary), R + (mainly distributed at |+ on the right boundary), L + and R + , R − , L − , respectively.
One therefore can selectively prepare a super-or subradiant state with either right or left circularly polarization by a choice of φ. In each gap, the boundary states located at the same boundary with opposite polarization excitations exhibit propagating modes toward the same direction along the virtual spatial dimension (reciprocal to the synthetic momentum dimension φ), while the boundary states at different boundaries support propagating modes towards opposite direction.
The proposed system is experimentally feasible. For example, an atomic array with the subwavelength-scale lattice spacing can be realized by using bosonic strontium [43, 44] . The transition between triplet states 3 P 0 and 3 D 1 of atom 84 Sr gives emission at the wavelength λ = 2.6µm. One can use the optical lattice formed by lasers at 412.8nm to trap the atoms, which achieves a subwavelength lattice spacing a = 206.4nm, i.e., a/λ ≈ 0.08 [43] . Inhomogeneous magnetic field is widely used to produce spin-orbit couplings in the condensed matter systems [45, 46] . The magnetic field in Eq. (4) can be implemented by a variety of experimental technologies which have been proposed to construct magnetic lattices [47] [48] [49] [50] [51] .
One can use a circularly polarized laser at a frequency resonant with the boundary state L ± (R ± ) inside the band gap to excite the |± state of the atom located at the left (right)
boundary. The emission of such super-or subradiant boundary state is localized at the boundary of atomic arrays with the enhanced or suppressed collective decay rate.
In summary, we have investigated 1D atomic arrays subjected to the spatially periodic magnetic field, which supports the non-Hermitian lattice model with long-range interactions.
The phase in the magnetic field serves as an external parameter, which gives a synthetic momentum dimension. In atomic arrays with strong long-range interactions, the bulk-boundary correspondence is not generally valid [14] . In the open system proposed here, we consider a synthetic space including one spatial dimension and one synthetic momentum dimension.
By carefully selecting parameters, we show the existence of the 2D bulk-boundary correspondence in this synthetic space that exhibits topologically-protected boundary states, which holds fundamentally different physics from the 1D atomic arrays with a non-zero Zak phase [29] . These boundary states are localized at the boundary of atomic arrays and exhibit topologically-protected super-or subradiance with right or left circularly polarization. Our results show potential applications towards manipulating atomic emission at the single pho-ton level under the topological protection, which is important for the quantum memory and quantum information, and also leads potential implications for quantum sensors [52, 53] and super-resolution spectroscopy [54] by using the robust single-photon superradiant states.
The study of topological quantum optics with synthetic dimensions opens a route of exploring topological phenomena in versatile higher-dimensional strong-interacting open quantum systems.
